We present a radical approach to the calculation of electron correlation energies. Unlike conventional methods based on Hartree-Fock or density functional theory, it is based on the twoelectron phase-space information in the Omega intracule, a three-dimensional function derived from the Wigner distribution. Our formula for the correlation energy is isomorphic to the Hartree-Fock energy expression but requires a new type of four-index integral. Preliminary results, obtained using a model that is based on the known correlation energies of small atoms, are encouraging.
Introduction
Coulomb's Law seems straightforward: particles of the same charge repel; opposites attract. But the deceptive simplicity of inverse-square laws yields surprising complexity even in very small systems. The classical three-body problem defeated the brightest minds of the 19th century and the quantum analogue proved equally resistant in the 20th. In the helium atom, for example, the two electrons dodge and weave as they seek to remain close to the nucleus but far from each other and, despite 80 years of work, an exact mathematical description of their motion still remains undiscovered.
Although an exact solution to the electronic Schro¨dinger equation 1 appears unlikely, the development of effective approximations brings rich rewards since the ability to calculate molecular energies accurately allows the ab initio determination of structure, bonding and reactivity and has ramifications within biochemistry, materials science and medicine.
In the early days of quantum theory, Hartree introduced the orbital approximation 2 wherein each electron is assumed to move independently in the mean field of all others and this was subsequently modified by Fock 3 to accommodate the requirements of the Pauli principle. Though the Hartree-Fock (HF) model is simpler than the Schro¨dinger formulation, the associated integro-differential equations are still difficult to solve in polyatomic systems. However, if the orbitals are expanded in a finite basis set, the more tractable Roothaan-Hall eigenvalue equations emerge 4, 5 and intensive efforts over the last thirty years have led to algorithms 6 for these whose computational cost grows only linearly with the size of the molecular system. Using such methods and a standard PC, one can now perform a finite-basis HF calculation on a system with a few hundred atoms in a few hours. 7 HF theory often yields fairly accurate predictions of molecular structure but it is less satisfactory for most other properties. In particular, its mean-field treatment of electron motion cannot account properly for the formation of an electron pair during bond formation and it is therefore usually necessary to go beyond the HF model and explicitly include the fact that the motions of the electrons are correlated. Allowing the electrons to avoid one another stabilizes the system and the difference between its exact many-body energy and its HF energy is known 8 as the correlation energy E c . The task of calculating it is known as ''the correlation problem'' and has been the single greatest challenge to the progress of quantum chemistry since the subject's inception in 1927.
Models of electron correlation fall into two broad classes. Those in the first class, which include configuration interaction, Møller-Plesset perturbation theory and coupled cluster theory, 9 are based on the mathematical observation that an improved wavefunction can be formed by linearly combining eigenfunctions of the HF Hamiltonian. Although in the limit these methods provide exact results, they are intrinsically inefficient because they have to approximate the derivative discontinuities in the exact wavefunction 10 by sums of smooth functions. As a consequence, their computational costs become prohibitive even for quite small systems. This is the price that one pays for using a mathematically, rather than physically, motivated model.
The second class of models comprise the density-functional theories (DFT) and are based on the Hohenberg-Kohn theorem 11 which states that the exact energy of the ground state of a system is a unique functional of the exact electron density r(r). Because r(r) is a much simpler object than the wavefunction, DFT calculations are relatively inexpensive and have become the most popular tools in quantum chemistry. However, although the existence of the unique Hohenberg-Kohn functional is proven, its form is unknown and the search for useful surrogates continues and has become increasingly empirical in recent years. 12 Many functionals are now available, each with its own strengths and weaknesses, but none entirely satisfactory. Moreover, it appears unlikely that one-electron DFT models will ever be able to treat intrinsically two-electron phenomena such as dispersion energies.
Although the pursuit of more accurate functionals is unlikely to cease for some time, it is worth pausing to ask whether r(r) is really the best starting point for calculations of electron correlation. After all, r(r) measures the probability of finding one electron at the point r and yet electron correlation is concerned with the stabilization achieved when two electrons manage to avoid each other. Isn't it more natural, as Hylleraas emphasized when he used a wavefunction for the helium atom that explicitly includes the interelectronic distance, 14 to base an electron correlation model on the twoelectron density? The answer is that, although this is certainly an attractive idea, a mechanism must be found by which twoelectron information can be included without significantly degrading the computational advantages enjoyed by DFT. This has proven to be a major challenge.
If it is agreed that information about pairs of electrons is useful for understanding electron correlation, one must then ask which property of the two electrons should be included and how this is best incorporated. The most obvious candidate is the interelectronic distance u ¼ |r 1 À r 2 | for one instinctively expects electrons that are close together to be strongly correlated. However, the naıvete´of this expectation becomes clear when one considers the sequence of ground-state helium-like ions H À , He, Li 1 , . . ., whose exact and HF energies are known 15, 16 to be
where Z is the nuclear charge of the ion. It follows from these that E c ¼ À0.04667 þ O(Z
À1
) and the correlation energy therefore tends toward a constant as the nuclear charge increases. Thus, for example, although the two electrons in the U 901 ion are generally much closer together than those in the Ne 81 ion, the resulting correlation energies are almost equal. This counterintuitive discovery clearly reveals the insufficiency of u as a correlation indicator.
A few years ago, Rassolov argued 17 that not only the separation u, but also the relative momentum v ¼ |p 1 À p 2 |, of two electrons influence the extent of their correlation. Rassolov's insight immediately explains the similarity in the correlation energies of the helium-like ions: as Z increases, the mean separation hui decreases as 1/Z, but the mean relative momentum hvi grows as Z and, evidently, these two effects cancel rather precisely. On this basis, we speculate that the variable s ¼ uv may be a useful correlation indicator and, more generally, we are led to consider models that make use of both position and momentum information.
However, although a simple Fourier transform allows us to interconvert the position-space wavefunction C(r 1 ,. . .,r n ) and momentum-space wavefunction F(p 1 ,. . .,p n ) of an n-electron system, a basic tenet of quantum mechanics forbids the construction of a joint position-momentum wavefunction. This intrinsic limitation is intimately connected with the Heisenberg uncertainty principle and is one of the key features that distinguishes classical mechanics from its quantum successor. Likewise, the position-space probability density function |C(r 1 ,. . .,r n )| 2 and its momentum-space analogue |F(p 1 ,. . .,p n )| 2 are unproblematic but there is no comparable joint probability density. One might imagine, therefore, that an electron correlation model based simultaneously in both position and momentum space would be fraught with fundamental difficulties! Nonetheless, in this article, we develop Rassolov's idea into an approach for estimating the correlation energy in any system. Our starting point is Wigner's phase-space distribution, from which we derive a number of simpler functions called intracules, which we then use as the foundations for a variety of electron correlation models. We have implemented and tested the simplest of these and present results for a number of atoms and the H 2 molecule. Except where otherwise noted, the 6-311G basis set and atomic units are used throughout.
Wigner distributions and intracules

Wigner distribution
Although a quantum mechanical joint position-momentum probability density does not exist, Szilard and Wigner were undeterred by this discouraging news and, in a triumph of mathematics over physics, managed to construct a function
that behaves, in many ways, as the notional joint probability density should. 18 One of its chief weaknesses is that, although it is everywhere real, it is not everywhere positive. Nonetheless, as Wigner wrote, W n (r 1 ,. . .,r n ,p 1 ,. . .,p n ) ''cannot be really interpreted as the simultaneous probability for coordinates and momenta [but] this must not hinder the use of it in calculations as an auxiliary function which obeys many relations we would expect from such a probability.'' Such splendid optimism (in which physics trumps mathematics) will also be our unashamed policy throughout this article.
A distribution that possesses some, but not all, of the mathematical properties required of a probability density is often called a ''quasi-probability'' density. The Wigner distribution is such an object, and so are most of the intracules discussed below. However, for the sake of brevity, we will usually drop the prefix and use the term ''probability'' throughout this article. We hope that the reader will tolerate our laxity.
We note in passing that, although it is the oldest, the Wigner distribution is not the only possible phase-space distribution and several others have been developed over the years. We will not consider these alternatives in this article but it is worth pointing out that the Husimi distribution [19] [20] [21] [22] The n-electron Wigner distribution is a complicated function of 6n coordinates (excluding spin) and it is even less intelligible than the 3n-coordinate wavefunctions to which it is equivalent. However, since our interest lies primarily in the behaviour of pairs of electrons, it is sensible to ask whether a two-electron function can be distilled out of the Wigner distribution. The distillation turns out to be easy, 23 requiring only an integration over all of the uninteresting variables, and yielding the secondorder reduced Wigner distribution
. .,r n ,p 1 ,. . .,p n ) dr 3 . . .dr n dp 3 . . .dp n (2.4) which can be interpreted as the joint probability of the positions and momenta of two electrons in the n-electron system. Unfortunately, this distribution also has many negative regions and has received little attention but the first-order reduced Wigner distribution
has been studied. Following pioneering work by Dahl and Springborg, W 1 (r,p) has been calculated for a variety of small atoms and molecules.
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Omega intracule X(u,v,x)
The reduced Wigner distribution W 2 (r 1 ,r 2 ,p 1 ,p 2 ) is a much simpler object than the full Wigner distribution W(r 1 ,. . .,r n ,p 1 ,. . .,p n ) but is nonetheless a function of 12 variables and remains a conceptually formidable entity. Once again, we ask whether it is possible to effect another reduction without losing important information. A key insight comes from the recognition that the physics of electron correlation depends less on the absolute positions and momenta of two electrons than on their relative position r 12 ¼ r 1 À r 2 and relative momentum p 12 ¼ p 1 À p 2 . Further thought along these lines leads one to suspect that the absolute directions of the vectors r 12 and p 12 are less important than their magnitudes r 12 and p 12 but that the dynamical angle y uv between them may be significant. We argue therefore that most of the important information in W 2 (r 1 , r 2 , p 1 , p 2 ) is captured by the three key variables, r 12 , p 12 and y uv , whose joint probability density is Oðu; v; oÞ ¼ Z W 2 ðr 1 ; r 2 ; p 1 ; p 2 Þdðy uv À oÞ Â dðr 12 À uÞdðp 12 À vÞdr 1 dr 2 dp 1 dp 2
Â dðp 12 À vÞ dr 1 dr 2 dp 1 dp 2 dq 1 dq 2
where X u and X v are the angular parts of u and v, respectively, and r 2 is the spinless second-order reduced density matrix 31 or 2-RDM. We call this the Omega intracule.
Choosing u to be the polar axis of v and integrating over X v yields
(where J 0 (x) is the usual Bessel function) from which it is trivial to prove that
, as required by time-reversal symmetry. 32 Likewise, all of the intracules considered below also inherit this property.
Notwithstanding its questionable credentials, the Omega intracule is a versatile function that often behaves as if it were a proper probability density. For example, if it is constructed from a HF wavefunction, it yields the two-electron energy
Oðu; v; wÞ 1 u do dv du ð2:8Þ
and the relative-motion component of the kinetic energy
Oðu; v; wÞ v 2 2ðn À 1Þ do dv du ð2:9Þ
(but not the smaller centre-of-mass component 33 ) as expectation values of the traditional operators. Later in this article, we will speculate that the correlation energy can be written similarly, in terms of an analogous correlation operator G.
In determinant-based quantum chemical calculations using one-electron basis functions f a (r), the spinless second-order density matrix can be written as
where G abcd is a two-particle density matrix element. Thus, we have
where we have introduced the ten-dimensional Omega integral
These are more difficult than the analogous [ab|cd] Coulomb integrals but the usual approach, 34 in which the fundamental [ssss] O integral is found and differentiated with respect to the coordinates of the Gaussians, remains applicable. We return to this later in this article.
As well as being an interesting function in its own right, O(u,v,o) is the progenitor of a family (Fig. 1) 35 This can be interpreted as the joint probability density of r 12 and p 12 , without regard to o. We have shown how W(u,v) can be calculated for Hartree-Fock wavefunctions employing Gaussian basis functions, 36 and we have applied this to perform detailed studies of the helium and hookium atoms 37, 38 (in hookium the electron-electron interaction is Coulombic but the electron-nuclear interactions follow Hooke's law) and to survey a range of atomic and molecular ground and excited states. 36, 39 The Wigner intracules of most systems are found to possess small negative regions. This reminds us that they are not bona fide probability densities and it also prompts us to ask whether such negative regions are an essential feature of phase-space distributions. One of us has recently shown 40 how to condense the reduced Husimi distribution Z 2 (r 1 ,r 2 ,p 1 ,p 2 ) to the Husimi intracule H(u,v) and has argued that the latter, which is everywhere non-negative, can be interpreted rigorously as a joint probability distribution.
Lambda intracule K(s,x)
The Omega intracule can also be reduced by combining two of its variables. Since the product s ¼ uv appears to be important in the context of electron correlation, it is of interest to combine the u and v coordinates in this way to yield a novel two-dimensional function Lðs; oÞ ¼
that gives the joint probability density of s and o.
Position intracule P(u)
The two- that gives the probability density of finding two electrons at a distance u. This was the original intracule and was discussed in the seminal paper by Coulson and Neilson. 41 Unlike most of the others discussed in this article, it is a rigorous probability density and has been widely studied; see ref. 35 and 42 and references therein.
Momentum intracule M(v)
If, instead, the Wigner intracule is integrated over u, one obtains the function that gives the probability distribution of s and which we have called the Action intracule. We have calculated it for HF wavefunctions of the He, Li and Be atoms, 35 the Kellner wavefunction of the He-like ions, 38 and the exact wavefunctions of the lowest singlet and triplet states of hookium in the highdensity limit. 45 (The high-density limit is where the Hooke's law force constant tends to infinity.) In each of these cases, A(s) turns out to be a disarmingly dull unimodal function.
Dot intracule D(x)
The Lambda intracule can also yield the probability density D(x) of the dot product that gives the probability density of finding two electrons with dynamical angle o.
Omega intracule for n particles in a harmonic well
The Omega intracule of the ground state of n non-interacting fermions in a harmonic well can be found in closed form and it is illuminating to construct it for a few values of n. If n ¼ 2, both particles occupy the c 0 (x)c 0 (y)c 0 (z) orbital and the wavefunction is
We therefore obtain Oðu; v; oÞ ¼ a
This intracule is atypical in two ways: first, it is non-negative everywhere; second, it is a product of a function of u, a function of v and a function of o implying that, in this system, the three variables are statistically independent. The Omega intracules for 3 r n r 8 can be found similarly. The ground state is usually degenerate but, in each case, we have chosen the spin multiplicity and configuration that most closely resemble the analogous ground-state atom. Each intracule turns out to be a linear combination of the six normalized integrals Table 1 . One finds that all share the trivial o-dependence found in the n ¼ 2 case but this simplicity is peculiar to uncoupled harmonic oscillators. They can be integrated to obtain the lower intracules in Fig. 1 and some of these are also listed in the Table. Such harmonic ensembles are sufficiently simple that all of their intracules and related properties can be found in closed form and yet their intracules are surprisingly similar to those of qualitatively analogous atoms. The n ¼ 8 case, for example, has an outer shell of six particles in three orbitals and can be viewed as a crude model of the Ne atom. Its Action and Dot intracules, which are plotted in Fig. 2 where the K n are modified Bessel functions of the third kind. A(s) is positive for most values of s and decays exponentially for large s but is slightly negative for s t 0.5, reminding us that Action intracules are not proper probability densities. D(x) is almost bell-shaped but has a small dip around x ¼ 0. These descriptions also apply to the corresponding intracules of the Ne atom which are, of course, much more complicated to compute.
Fundamental Omega integral [ssss] X
The Omega integral over four s-type Gaussian functions is more difficult. If their centres are {A,B,C,D} and exponents are {a,b,g,d}, it is helpful to introduce the scalars
and the vectors
and to define w to be the angle between P and Q. We can then write
where
We have not been able to evaluate the integral over t in closed form, but it seems to respond well to equal-weight n-point quadrature using
We note that, in general, [ssss] O is complex but its conjugate occurs elsewhere in the sum (2.11) and the total intracule O(u,v,o) is therefore real.
Because the number of Omega integrals grows with the fourth power of the size of the basis set, it is essential to be able to determine quickly that an individual integral is negligible so that its computation can be avoided. To this end, one requires a simple but rigorous upper bound on the magnitude of [abcd] O and, for example, it is possible to show that 
Intracule-based correlation models
If it was clear after Section 1 that it is desirable to improve our attack upon the electron correlation problem by admitting two-electron information, but unclear how precisely to do this, the foregoing Section reveals that we now suffer from an embarrassment of riches! Suppose that we have derived the Omega intracule from the HF wavefunction of a system. Then-provided that we are willing to blur the distinction between a true probability density and a quasi-probability density-we have an impressively detailed picture of the dynamical behaviour of the electrons within the system. We know, for any given values of u, v and o, the likelihood of finding two electrons at a distance u and moving with a relative speed v at a dynamical angle o. But how can we exploit this to predict correlation energies?
Gilbert's theorem 47 is the reduced density matrix analogue of the Hohenberg-Kohn theorem, assuring us that the firstorder reduced density matrix (1-RDM) contains sufficient information to reconstruct the Hamiltonian and, therefore, all other properties of the system. The corresponding theorem for the Omega intracule, which would guarantee that
for some universal functional F, has not yet been proven but we hope that this deficiency will be rectified in the near future.
In the meantime, we will proceed presumptively and see what can be achieved. Inspired by second-order perturbation theory, we posit that the exact correlation energy is the sum of contributions from each of the n(n À 1)/2 pairs of electrons in the system and, by analogy with eqns (2.8) and (2.9), we conjecture that it can be written
Oðu; v; oÞGðu; v; oÞdodvdu ð3:46Þ
where the correlation kernel G(u,v,o) is a universal function. Substituting eqns (2.11) and (2.12) into eqn (3.46), one finds that the correlation energy is
where we have introduced the correlation integrals
oÞ dr dq du dv
ð3:48Þ
These last two equations embody one of the key ideas of this article.
If we assume that our conjecture is either correct or nearly so, the practical usefulness of this approach to the electron correlation problem depends simply on the degree to which the correlation integrals in eqn (3.48) can be computed both accurately and efficiently. It follows from the penultimate line of eqn (2.39) that the fundamental Gaussian correlation integral is
which has a very pleasing symmetry. Integrals of higher angular momenta can be constructed from this by differentiation with respect to the coordinates of the Gaussian centres. 34 We do not know how to construct the exact G(u,v,o) but it is possible to derive properties that it must satisfy 45 and we anticipate that, much as in DFT, these will be used to guide the construction of progressively more accurate approximations.
, is a consequence of time-reversal symmetry.
Special cases emerge for constrained approximations to the kernel. For example, if the correlation kernel depends on s ¼ uv but is independent of o, (2.46) becomes
AðsÞGðsÞds
ð3:50Þ
This particular simplification was originally motivated by the observations of Section 1 and we have explored it in depth. Accordingly, although Fondermann et al. have deduced from numerical evidence that this form of G may be insufficiently flexible to describe changes in E c during bond stretching, 48 we will focus on it for the remainder of this article.
Using thought-experiment as our guide, what can we say about the likely form of G(s)? Suppose that we were able to ''switch off'' the HF approximation so that the electrons in our system were suddenly able to avoid one another. It seems likely that the electrons most inclined to exploit this new freedom would be those that are close together and moving relatively slowly, that is, those for which s is small. In contrast, we anticipate the weakest correlation effects for electrons that are far apart and moving relatively quickly, that is, those for which s is large. Thus, we expect G(s) to be a decaying function of s.
Numerical results
Illustrative intracules
We have previously reported intracules for various atoms and molecules, in ground and excited states, 35, [37] [38] [39] 45 but some illustrations at this point may nonetheless be helpful. Fig. 4 shows the HF/6-311G Wigner intracule for a ground-state beryllium atom whose 1s and 2s orbitals are each doubly occupied. Suppose that two of the electrons are observed. If both are in the 1s orbital, they will tend to be close together and moving rapidly, yielding the peak at (u,v) E (0.55,3.3). If both are in the 2s orbital, they will usually be further apart and moving relatively slowly, yielding the peak at (u,v) E (3.0,0.68). If one is in the 1s and the other is in the 2s orbital (which is four times as likely as either of the other possibilities), intermediate u and v values arise, giving the peak at (u,v) E (2.1, 2.2). Fig. 5-7 show the Angle, Lambda and Dot intracules of the Be atom. Their symmetries about o ¼ p/2 and x ¼ 0 are obvious but these plots do not otherwise appear as immediately informative as Fig. 4 . Nonetheless, the rather bland Angle intracule implies that the electrons in this atom spend most of their time ''orbiting'' (o E p/2), rather than moving away from (o ¼ 0) or towards (o ¼ p) each other and the Lambda intracule resolves this picture further, its asymmetric contours revealing that, although the angular momentum of this orbital motion is most often s E 2.2 h, much larger values are not uncommon. The Dot intracule completes the story by showing that rapid changes in the interelectronic distance r 12 , though not very probable, do sometimes occur.
Insofar as we can imagine the motion of electrons in an atom, all of these classical portraits seem intuitively reasonable.
Simple correlation kernels
The simple argument in Section 3 suggested that G(s) should be a decaying function of s and so we explored a number of plausible candidates, including exponentials and Gaussians.
To our surprise, we found that the most successful elementary choice is
where j 0 (x) ¼ x À1 sin x. This kernel does decay, but very slowly, and it is highly oscillatory. We do not yet understand why it works as well as it does but we are fortunate because this choice of G(s) also leads to relatively simple [abcd] G integrals. Moreover, it is easy to show that the [ssss] G /C values that result are always positive. There are, of course, many ways to assign precise values to C and z. An elegant approach is to require that they yield the correct correlation energies for the lowest singlet and triplet states of high-density hookium, for both the correlation energies and the Action intracules of these states are known exactly in closed form. 45 This leads to
Alternatively, the parameters can be chosen to reproduce the correlation energies of the He and Ne atoms. This strategy is not as clean as the first, because neither the correlation energies nor the Action intracules of these atoms are known exactly. However, by basing the calculations on HF/6-311G wavefunctions, this approach yields
A third scheme finds the parameters by a least-squares fit to the correlation energies of all the atoms from H to Ar. This is even more ambiguous than the second approach, because the energies and intracules of the second-row atoms are not known very accurately, but it is the most pragmatic way to proceed and might be expected to yield the best kernel for chemical purposes. Basing the construction on UHF/6-311G wavefunctions, one obtains
It is interesting that the three methods yield very similar values for z.
Atomic results
The correlation integral required for atomic calculations employing Gaussian s functions is found by letting (3.49) . This yields
which reduces, in the special case where Z ¼ 0, to
ð4:56Þ
The higher integrals, e.g.
[pppp] G , are similar but contain a number of such terms. We have used these formulae to compute the correlation energies for the ground states of each atom from H to Ar, basing all of our calculations on UHF/6-311G wavefunctions. Table 2 compares the exact unrestricted correlation energies 49 with the estimates obtained using each of the three parameter choices described above. We emphasize that, although our calculations are based on Hartree-Fock wavefunctions using a modest basis set, they yield estimates of the exact (full CI, infinite-basis) correlation energies. In this sense, they resemble traditional density-functional calculations, not wavefunctionbased ones.
The G 1 (s) parameters are exact for the lowest singlet and triplet states of high-density hookium but they systematically overestimate atomic correlation energies by more than 20% and the C parameter is primarily responsible for this. The mean absolute deviation (MAD) is 78 mE h .
The G 2 (s) parameters are exact for He and Ne and yield satisfactory energies for other atoms (MAD ¼ 6 mE h ) but still overestimate in most cases. This is not entirely unexpected, because both He and Ne have completely filled shells and their electrons are therefore more strongly correlated than those of most other atoms.
The G 3 (s) parameters are tailored to give good overall performance for all of the atoms considered and they yield encouraging correlation energies (MAD o 3 mE h ), particularly for the second-row atoms. This model is much more accurate than the popular LYP functional (MAD ¼ 15 mE h ) and it is remarkable that the simple correlation scheme defined by eqns (3.50) and (4.51) yields such an accurate account of correlation in these many-electron systems.
The chemistry of atoms is not very exciting but it is interesting to examine the effectiveness of the G 3 (s) model for the prediction of atomic ionization energies. Table 3 compares the exact (non-relativistic clamped-nucleus) ionization energies 50 ,51
with the corresponding HF, G 3 (s), LSDA, BLYP and B3LYP estimates, all using the 6-311G basis set. The overall accuracy of the G 3 (s) model is comparable to that of the local density DFT model but is about 50% worse than the gradientcorrected and hybrid DFT methods. All of them are much more accurate than HF theory. In order to afford good ionization energies, a quantum chemical method must make the same correlation energy error when applied to the neutral and cationic species. This can be a harsh test, for the removal of an electron can sometimes lead to qualitative changes in the correlation behaviour in a system. For example, it is known 52 that, whereas the correlation energies of some atoms (He, Li, N-Na) are ''normal'', those of other atoms (Be, B, C, Mg-Ar) are ''anomalous'' in that they increase linearly, without bound, as the nuclear charge Z is increased. This is illustrated by the similar correlation energies of He and Li 1 (42 and 43 mE h , respectively) and the very different correlation energies of Be and B 1 (94 and 111 mE h , respectively). Careful inspection of Table 3 reveals that the G 3 (s) model performs well for the normal atoms but more poorly for the anomalous ones and suggests that an important topic of future research will be to devise a modified Hartree-Fock-Wigner scheme that does not suffer from this weakness. We note that Perdew pointed out long ago that this is also a major challenge for density functional theories. 53 Finally, we turn to the subtle variations in correlation energies of the He-like ions discussed in the Introduction. Table 4 and Fig. 8 compare the LYP, G 2 (s) and G 3 (s) estimates (using HF-limit wavefunctions) with the exact values 54 for nuclear charges 1 r Z r 10. It is clear that, whereas LYP is over-sensitive to Z, the G n (s) models are almost independent of it, perhaps reflecting an intrinsic deficiency of the action-only ansatz (3.50).
Molecular results
Although the choice G(u,v,o) ¼ Cj 0 (zuv) leads to some simplifications, we have not yet been able to obtain the resulting general four-centre correlation integral (3.49) in closed form. However, in the case where the centers A, B, C and D are collinear, we have found
À1/2 (4.60)
À1/2 (4.61) and erfc(x) is the complementary error function. As P, Q, R and z tend to zero, eqn (4.58) reduces to eqn (4.55). In the special case where Z ¼ 0, it can be shown that eqn (4.58) reduces to
ð4:62Þ Fig. 8 Correlation energy E c in the He-like ions as a function of nuclear charge Z. LYP (stars), exact (diamonds), G 2 (s) (squares), G 3 (s) (triangles). Fig. 9 Correlation energy E c in the H 2 molecule as a function of bond length R. Exact (solid), G 3 (s) (dashed), LYP (dotted). and, as P, Q and R tend to zero, this obviously yields eqn (4.56). Eqns (4.58) and (4.62), and their derivatives, allow us to compute the correlation energy (3.47) with G(u,v,o) ¼ Cj 0 (zuv) for linear molecules with nuclear-centred Gaussian basis functions. We have not yet performed a systematic study of a large set of such molecules and here we report only a few indicative results for the prototypical hydrogen molecule.
Near-exact energies of the clamped-nucleus, non-relativistic Schro¨dinger equation for H 2 are available from the Hylleraastype calculations of Kolos et al. 55 and these reveal that, at the equilibrium bond length (1.4 a 0 ) , the exact correlation energy is 40.8 mE h . Using the HF/6-311G wavefunction, the G 3 (s) model yields E c ¼ 39.4 mE h , which is encouraging. However, as Rassolov et al. have noted, 56 this achievement is almost matched by the LYP density functional (for which E c ¼ 38.3 mE h ) and the more serious challenge is to reproduce the variation in the correlation energy as the bond length is varied. Table 5 and Fig. 9 compare the exact correlation energy with the G 3 (s) and LYP estimates over a range of bond lengths. Rassolov et al. noted that LYP fails to predict the growth in E c as R increases and we see that G 3 (s) fails similarly, albeit less dramatically. As with the He-like ions, the misbehaviour can probably be traced 48 to the action-only ansatz (3.50).
Concluding remarks
The calculation of correlation energies at a low computational cost is one of the major goals of quantum chemistry. In this article, we have introduced a radical approach that is distinguished from conventional post-Hartree-Fock and density functional methods by its explicit dependence on two-electron phase-space information. In order to accomplish this, we have defined a number of two-electron probability densities (intracules), some of which may be of interest in their own right. The new correlation method requires the computation of fourindex integrals of a novel type but, apart from this, can be easily appended to a HF calculation. Furthermore, the entire procedure can be performed self-consistently 57 to yield a scheme that is reminiscent of Kohn-Sham density functional theory. The method is conceptually simple and provides a new perspective on the phenomenon of electron correlation. Preliminary results, using a simple two-parameter correlation kernel, are encouraging and we are confident that the accuracy of the method can be improved further by refinement of this kernel.
